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XXII. Researches in physical astronomy. By Jonn WiLLiam LusBock, Esq.
Fellow of the Royal Society.

Read April 29, 1830.

IN the first volume of the Mécanique Céleste, Larrace has given expressions
for the variations of the elliptic constants, which are true when the square and
higher powers of the disturbing force are neglected ; and he has proved, upon
the supposition that the planets move in the same direction, in orbits nearly
circular and little inclined one to another, that the eccentricities and inclina-
tions vary within small limits, thereby demonstrating within these conditions
the stability of the planetary system. But these conditions are not necessary
to the stability of a system of bodies, subject to the law of attraction, which
obtains in our system. I have given in the following investigation the expres-
sions for the variations of the elliptic constants, which are rigorously true
whatever power of the disturbing force be retained; and it is easy to con-
clude from the form of their expressions, that however far the approximation
be carried, the eccentricity, the major axis, and the tangent of the inclination
of the orbit to a fixed plane, contain no term which varies with the time;
their variations are all periodic, and they oscillate therefore within certain
limits. This theorem is no longer true if the planet moves in a resisting
medium.

I have also given some equations which obtain when an angle is taken
for the independent variable, which in the elliptic movement is the eccentric
anomaly, which are of remarkable simplicity, and which, as far as I know,
have never been noticed, and the development of the disturbing function
R to the quantities involving the squares and products of the eccentricities
inclusive.

MDCCCXXX. 2vu

T @]

ol

The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to [[& )2
Philosophical Transactions of the Royal Society of London. STOR IS

WWWw.jstor.org



328 MR. LUBBOCK’S RESEARCHES

Let @, y, x denote the rectangular co-ordinates »
o distance from the sun
r ...... distance from the sun projected
upon the plane z, y
*\ ...... longitude reckoned upon the plane
of its orbit
A ...... longitude reckoned upon the plane

zY
S ... tangent of the latitude
v .... avariable, which in the elliptic the-
ory is the eccentric anomaly »of the planet m.
the mass
@ ...... semiaxis major
€ ... eccentricity

@ ...... longitude of the perihelion

¢ ...... longitude of the epoch

vy ...... longitude of the ascending node

4+ ...... inclination of the orbit to the plane
zy

@ .... a constant quantity which accompa-
nies v J

M. ... the mass of the sun.

M+ m=p, E = n.

a3

& = r'cos X', y = r'sin &', g = r's, and in the elliptic motion »2dA* = A d ¢

R=m X+ Yy + Ry 1 }
! {“'12 +y7 +zls}% {(x -zl +(y—y)+ (z— z:)g}%
_ r{cos (N =X) +s5} 1
L sy {2+ =207 {ecos(N=n) +s5} +721 +s,“')}%}

#* Laprace uses the letter v to denote longitude, u the eccentric anomaly, and ¢ the inclination of
the orbit to a fixed plane; but as v is very frequently used to signify velocity, and ¢ geogra-
phical latitude, and as the letters of the Greek alphabet are generally used for angles, I have taken the
letters A, v, and + for these quantities.
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1
m + 47\3 {1 +8cos(2A —2A)) + 12ss,c05 (A" — 7)) — 2%}
r\3 \ < \
= —m, +m{3(l—4s9)cos(A‘—A,)+5cos(3A—-SA,)}
N
+ —6‘27_-\5 {9 + 20cos(2A° — 24)) + 85cos (4 A" — 4 7))}
i
(dR) —m {cos (A=) +ss,+ (1 + s%) — 7 {cos (N — A)) + s5,}
- 72 (1 + s7)% {r2(14+s2) =277 {cos(\'— 1) +s5}+ 72 (1 + sf)}‘?’}
(d ) {r sin A'—a, 7'r, sin (A — A))
d»/— 72 (1 +s2)F {r‘z(l +5)—27 7 {cos (A=) + 55} + 7,2 (1 + sﬁ)}%}
dR) m{ r's, s —rr's
ds/ ™ 72 (1 4 s2)F { 72 (1 + ) =27 7 {cos (A=) + s} +72(1 +sﬁ)}%}

Let P be the place of the planet m, S the place of the sun, S N the intersec-
tion of the orbits of m and m,, S L the line from which longitudes are reckoned,
P}, the projection of P, upon the plane of the orbit of P ; then if the plane » y
coincide with the orbit of m, SP=r,PSL=2NSL =y, PSN4+NSL
=21, PSL=2,SP' =»,SP=r=r (1+s2?*

SP x SP,cos PSP, 1
R=m, SP? - . ?z}
{ {SP?—2SP x SP,cos PSP, + SP?}
dR) _ SP;cosPSP; SP —SPcosPSP;
(— - SPp +{spe—2spxsp,‘cosPSP;JrSPﬁ}%}
dRy SP x SP,cosPSP, SP?—~SP x SP,cosPSP,
(—)— { SP} +{SP2—-QSPxSP,‘cosPSP,‘+SP,2}’}}
( ) SPxSP sinPSP, SP x SP'sinPSP;
- SP? © {SP*—2SPxSP cosPSP +SP} }
LB _m{SPxPP SP x P,P;
{SP2~QSPxSP,‘cosPSP,‘-;—SPﬁ}%}

cos (A — 1) = cos (A — ») cos (A, — ») 4 cos s sin (A — v) sin (A, — »)
= coszé cos (A — A) + sin? ~'2- cos (A 4+ A, — 2)
tan (A — ») = cos s tan (A, — )
cos i tan (A, — v)
(1 + cos®stan®(a, —5))%
2vu?2

sin (A, — ) =
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1
y) =
) (1 + cos?stan® (A, — v))*
rr;sin(A—2a))=rr {sin A cos’i — cosAsina}
cos A, = cos (A, — v) cos v — sin (A — ») sin»

cos (A, —

cos (A, — v)cosy — sin (A, — v) sinv (1 -2 sing-;—)

—

(1 — sin®ssin® (A, — »)¥

. b . .
cos A, + 2 sin® - sin (3 —v) siny

(1 — sin®ssin® (A, — v))*

sin A’ = sin (A — ») cos » 4 cos (A — ) sin v

sin (A, — v) cosv (1 — 2 sin? -Z;—) + cos (A, — v} siny

(1 — sin®ssin® (A, — v))%
sin PSP} = sinssin (h, —»), r, =r,cos PSP} =7, (1 — sin?ssin2 (o — ) )*
therefore,
rr sin(A—A) =rr, {sin (A — 1) + 2 sin? sin (o, — ») cos (A — u)}

=rr, {cos2 —;— sin (A — a) -+ sin? —;— sin (A =4 A, —2»)}
similarly it may be shown that '
rr' cos (A—~) = rr, {cos2 '5 cos (A — 2,) - sin? —‘~ cos (A4 — 2 v)}

SP = a,(1 —¢e?) a, (1 —ep)
171 + ¢cos (P, SN+NSL—m',) 1 4 ¢;cos (A, — @)

Ea dR\ ®ry ( (B ot (dR
21?+‘,3+,dx)"0’ ah i+ )—O ae ¥t
P2t dr? (14) 427 sdr ds + 728 i+ 5 +2f/AdR=0

d# r (1 + s‘a)i
d R being the differential of R with regard only to the co-ordinates of the
planet m.
Er(1+s)—rda®+2sdrds+ 7 sd®s ® (d_R
a7 oo T
“"dA

+ (o

Tsd27‘+27‘ dr'ds+4r2d2s s (dR)
+ (T5) =0
d# + T\(l + 39)'2* + dSk
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rd¥r —r2d A® dR
rd%r—r )=O

v (1B d R
a7 +r‘(1+se)%+r(dr‘) — s\ T

red?s+2r'drds—r2sda? (AR dR
roan (=) =

d#
d.r%(1 +§°) d
2d¢ —r(l +S’2)7’+ -{"2‘/&}3_‘“7 (d
Making A the mdependent variable instead of ¢,
a2 drd’ o AA®

Lr 5 drdi © s (L2 (__
2~ 2748 —r? d# +r(1+se)é+r(d7" — S \ds

d)‘f = h2 — f r? (((1:1 ) d 2, k being a constant,

daed2 N
\gd\dﬁ —2rt ):iﬁt:“w( )dh

Y L R

=3 @) - (@) -7 (& d—:}=o
gt {1 =i ) o)

+7{a+9 (@@ - @) - @ ap =0

When the disturbing force is neglected
. 1
.= s

doRda r 1 [ —_
=0 Tt o pgaai =% et s=0

of which equations the integrals are,

PAR = hdt, &= {(l+se)2+ecos )\—-w)}

r

s = tan s sin (A" — ).

Ifdt = -Z-r‘ d v, and v be taken for the independent variable

dgr‘ g 2% ( (d R)
R ) N4l — ) =
"ae rdr dt3 de + (1 + sg)’§ +7 S\ s ¢

331
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d® ¢ = (E)%dr‘dv

dzr d r's ar dR

a—-u-@-l— ) (1+sg)s+7‘+ {2de+7‘( -—s(—d—;)}=().
If the orbit of the planet m coincide with the plane x y, s is of the order of

the disturbing force, of which therefore neglecting the square, 7 = r, A’ = A

2
gg a+r-—|—ar 2de+r( )} = 0.
When the disturbing force is neglected, the integral of this equation is

r = a {1l — ecos (v — a)}, v being the eccentric anomaly.
ntt+e¢—z=v—0a—esn@—ua)

A—w _ (14e]s vV—a
tan-——2 —{]_e tan 5

If Q be put for the quantity % { 2 f dR+r (%?)} and the constant o,
which may afterwards be replaced, be omitted for the present,
r=a{l —ecosv} —sinvf Qcosvdv 4 cosv/Qsinvdv
dt = \/%— {c;{l—ecosv} —sinv/ Qcosvdov 4 cosv/ Qsinvd u} dv
nt+e—w:v-—esinv—};{f&du—-cosv Qcosvdv—sinv Qsinvdu}

Ifv=f(nt-+ ¢ — =) in the elliptic theory, then neglecting the square of

the disturbing force,
u__f(nt+e—w)+w L {‘/de—cosv Qcosvdv —sinv Qsmv} dv

If 3 v, 8 r denote the values of those parts of » and » which are due to the
first power of the disturbing force,

Bv_andt{fadu—cosv Qcosvdv —sinv Qsmvdu}
3r=aesinv$u‘-—sinvaCOSvdu+cosvasinvdv
—-l_flgcuosuf(){e—cosv}dv—wf@sinudu.

€ COS v

In the elliptic theory,

nd¢ cosv — sinv (1 — e?)% .
dv= , VT8 — cosa, sino (1= €)% _ gina
1 —ecosv 1 —ecosv 1 —ecosv
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therefore,

ancos;:/.smx{gﬁiR+r(dR>}dt—ansxn;fcosx{g/lR+r(dR)}dt}

p(l—e)t
which is the equatlon X of the Mécanique Céleste, vol. i. p. 258.

2r23d A’ rdae

Multiplying the equation of p. 114, L. 2, by =57, and integrating, ——-

or

B)an =het, if i = h — 2 fr= (§%) A, % being variable,and ko the

+ 2./;\2 (d A

value of hata given epoch, hd b = — 72 ($2) dn, 122 = 1 d #,and making »
the independent variable instead of £, 2 d P d X = d hd ¢+ hde¢

L&t Adrd®s 2da® ro o, \ (dR (c_l_l’f
r3E— —aF — aF Trare T \&) T \G

&\ . rdrde 2rdecda e o (gz_ (d_@
(dt%) +%aE = adE - — a4 trarer T
d?
. ( (dR 1(Emyany
dx‘e + TR +s2) { —S\ds/) 7 7F \dx dA‘} =0
9 ds'
dA‘2+S+lz2 a+ ) (4 (=0

If all the constants in the elliptic integrals are supposed to vary, subject to
the condition that they still satisfy these differential equations, and that the

form of the first differential coeflicients 3—;?, g%, remains unaltered,

1
d.=

! 0s +° d . d .
d: =P'c;&e‘ {(ljsg)é(ﬁ-esm(x‘—w)}, a%:tanzcos(x—v)

—2{(1 4+ s)F 4+ ecos (\' — =)} {A2sinsds+ coss hdh}

-+ h*cosicos (M\'— w)de-+ h2cossiesin (A —w)dw =0

-2 {m—i&—;g—esin(l‘—w)}{hzsin:dx+cos:kdk}
— hcosisin(\' —w)de+ hcossecos (W — =) dw

-+ (6 - () - () ()}or
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R e (D) - 2D (D) an o

— tanscos (A' —»)dy =0

.o d:
sin (A — ») =

cos (A'— )COS‘+tan:sm(7\ u)dv+ {(1+ )((:11:) (C:ifj) (dR }f\)}dx‘=0

hdh=—r2(5%)an
Whence by elimination,
tan i scos (A'— v) sin(A'— =)

i SN _
i COSId€+2{(l +82) COSO\. m‘)+6‘ (1+s)":

{sin:cosﬂlr‘ﬂcos(x‘—v){(l +S‘~’)(d ( ) ( )( )} +cos:r'2 ( )}d?\.‘

+ SCOSfZ;Qf:rlg(;;—@'){(l + s2) ( }d?\

nr . \ dR 1
% COS 4 sm(?&—w){r(a? —S(’cﬁ -7 Eﬁf (ﬁ‘ }dx =0

-+

K2 cossedw+ 2{(1 + 2 sin (0 — @) +

stancos (A — v) cos (A — or)
(14 )7

{blnlCOSQlTZCOS(K—-v){(l—l—s (—-— —_ (———)_(%%) (d,\>}+cosu~ \)}d%f‘
_SCOS’:]_f:;())—;—.w){(I_I—S?) (FE —-r‘(F - Ti_)f‘ d_i‘)}dx

}LET‘ \ \ dR dR 1 dR dT‘ .
~ mcoss cos (V' — =) {7' (‘d‘;\ - S'(EE - (ﬁ) (d—‘}"\)}dl =0

d‘+r2cos; cos (A —y) {(1 + 2) (dR) dR )}dk — 0

TR i () < (80) - () () Far =0
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If o = 7 COS A’ _ rsin A & rs
(1 +)¥ Y= (1 + )% —+sY
2 ds‘z .
dre gy ___.+ax2)
1+s\1 +¢° 2
17 — 2ty efiR=0
d$2 2
o o (e, (o2
dee T 1+ dz# +r2+ dr
r? dA‘

1+s9 (

O 22 2
Bd?s + 2rdrds4—£f—§ii—s~ + r2sd A%

T + 0+ () =0

Of which equations the integrals are

N 1
Preedn =kt = Er T {0+ ecos 0 = m) )

s == tan ¢ sin (A" — »)

Ifdt = % r d v, and v be taken for the independent variable

g:f,—-a+r+ar 2de+ ( )}-——O

v

r=ua{l — € cos (v — )} in the elliptic motion.
¢ is accented for the present in order to distinguish it from e.

If the constants in the elliptic integrals are supposed to vary, subject to the
condition that they still satisfy these differential equations, and that the form

. . . d .
of the first differential coefficient (T: remains unaltered,

rdvdea rd?r rdr? rdrd®t
dzt—zva +\/‘d’"d"" d# = d¢ — T dF

&r ar? drde __
dv® —ae+r+ - ( —Qadug—o

(1—e'cos(v—a))da—-acos(u—oo)de’——ae’sin(u—u)dm.—:o

ésin(v—a)dae+asin(v—e)de —aécos(v—0a)da
MDCCCXXX. 2x
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+ 2 (F)dv+Zsin -9 dR=0
da = — 1 dR
de = -—{2e —2cos(v—a)—€sin(v— )2} d R— —-sm (v—e) ( )du

edaa-—-—sm(u--u){e cos(v—a)—2}dR+—-cos(u a)( )dv
fndt+e-—-w=u-—-w-—esm(v-—w)
de—mdo=—da—sin(v—ea)de + €cos (v— a)de.

The equation of condition which obtains between the constants a, e, =, 4, «
and % may be found from the equation

72 ds®
2
dﬁ+1+s” l+s”+d;‘)_gﬁ+£.___0
dt"' r a -
d»® h

2
ZEtreer 7 To=0
which gives
peose f o o oo 1 1
7 €2 cos zsm (v—=) — {1 4+ ecos(v—=)} {1 —ecos (v — w)}} +—=0
Equating the values of » which have been found,

Ryl +s?
peos P{V 1+ s+ ecos(A—w)}

=a{l — €cos (v—a)}

since the origin of the angle v is arbitrary, we may suppose A — = = 0, and
v — o = 0 at the same time,

72 &/ 1 4 tan #sin (w — v)?
pweos {4/ 1 + tansin (= —»)* + e}

so that =a(l —¢)

All the equations which have hitherto been proved are rigorously true,
whatever powers of the disturbing function be retained. They are susceptible
of simplification when the square and higher powers of the disturbing function
are neglected : in this case, if the orbit be supposed to coincide with the
plane x y, tan + = 0, and if the longitude be reckoned from the perihelion of
the planet P,

hzde+{2cosh+e+ecoslz}rz(%%)dx+’f%@—‘-§(%$)da=o
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Red= 4 {2 4+ cos A} sinhr2<i—-f)d7\— hzrzcosl(%?) dr=0
dig IO (@A7) 4y g
dy4e SO0 (@R) 4,
by equation, p. 336, line 12, » a (1 — ¢%) = A?, and by equation, line17, e = ¢
=%{2e—2cos(o—u)—esin(u—u)z}dR—gsin(o—u) (§%) av
edu:-—-{ecos(v—w) - 2}sm(u—a)dR+——cos (u—-a)( )dv

fndt+e—w=v—a-—esin(u—w)

de—do=— {1l —ecos(v—ea)}de —sin(v—a)de
de—dw:-—w%——-—_—:;gdw—- {lz(l—t_egj+l}sin(u-a)de
L
1+ecops'()\ w)—a{l — ecos (v — &)}
andt
de= — ;—71——{2cos(l—w)+e+ecos(7\—w)2}(

— M.__.mn (7\—-@)(

edw = — :;nld_tee{z -+ ecos (A — w)}sm -~ w)(
+a—---—-—-——--’g"d"l‘/1 cos (A—m)(
de —d o = "\/1—'— ézdw-l- 2a°n(1 —e®)dt

p{l + ecos(r — =)}

If the longitudes be reckoned from the perihelion of the planet P,
7sinA —7'sin A 3
{r* —2rr/cos(A = A)) + 7,237 |

f—]

de _ _an(cosr+e) (dR magna/l-—eg{rl‘
d

ST \
sin }‘l
12 ,‘/ 1 — €2 7‘/8 I

2x 2



do ansin A (dR matn V1 — ¢ r,‘cosA,‘_I_ 7COSA — 7, COS A
A~ Ty 1=¢ }
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da 4 7y {r* —27rr cos (A —A)) + 7?2

. r
and sincend¢ = ;d v,

de r(cosA+e) mar /1 — e {7,51nA, + rsin A — 7, sin A
dv™  py1=¢ ® {r* =277 cos (A —A) + r2}F
edw rsin A (dR)_l_m,a?‘«/l—-e {7‘, cosA,+ 7COS A — 7, COS A,
dv = p,a/l-—e’ [ {r* = 2rrcos(r —A)) +7r2}F

de—dw r? d= r . de

= A @ Lause T e

2a®
de = — ——-d R

andsincersz\:A/poa(l—eZ)dt=aJl—ezrdv

di , a1 —¢ércosa (dR _
&t p T) =0
dy | a1 =érsinan (dBY _
E;+ 7> ( N = 0.

The last six equations serve to determine the perturbations of a comet.
Let (A e), be the variation of any element e during the variation A v of v

at any given epoch n, neglecting the square and higher powers of A v,
(Ae, = de) Av

If the values of (A ) be calculated for the epochs 0,1,2...m corre-

sponding to the values v, v 4 ¢ Av, v 4 27 A v, &c., differing from each
other by ¢ A v, then the whole variation (3 e) of v corresponding to the varia-
tiont A vofv

=1 {(A 6)0 -+ (A 6)1 """" + (A e)m l}
w= (B e)o} e l){(AZ - (& e)ﬂ} + e

=if ;lg)o+(g-§)l ....... + a—z)m_l}Au
+ 5@ - @), f oo - (6, - 2 @), 2w

a

j
j
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When the interval A v is indefinitely diminished, ¢ A v is still equal to the

. . d
variation of v between the epochs for which the quantities (a—g) s (3—5) &e.
0 1
are calculated, and

ve=iao (1) + (19, -+, {0 -9}
-wia(§), - ( >}+&°}

If the radius be taken for unity, and ¢ A v is the mth part of the circum-

2 x 814159

ference; ¢ A v = ————, or, in other words, the resulting values of 3 ¢ and

9 @ in the equations given above must be multiplied by 2 X 3.14159, and di-
vided by 360° expressed in the same unit as ¢ A v.

n is equal to the angular circumference divided by the periodic time ex-
pressed in the same unit as #; so that if a degree be taken as the unity of
angular circumference, » = 360° divided by the periodic time expressed in
the same unit as 2.

In the elliptic movement or first approximation

A = nt 4 ¢ 4 aseries of sines of arcs multiples of » ¢ &c.
A, = mn, t 4 ¢ 4 a series of sines of arcs multiples of », ¢ &c.

a o .
S~ = constant -4 a series of cosines.

s = a series of sines.

s, = a series of sines.
- . . . . . de d#
I'hese values being substituted in the equations of p. 334 give T T and

dw= dv

d
I €ach equal to a series of sines without any constant quantity, and — T Ix

de . . .
and I each equal to a series of cosines -4 a constant quantity.
In the second approximation the values of A, 7 and s retain the same form ;
and it is easy to see from the form of the expressions for g—::, g%, &c. p. 334,

that the form of the values of these quantities is not altered however far the
approximation be carried.
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If the sun or primary be a spheroid, » the angle which the plane of the sun’s
equator makes with the plane of the orbit of the planet; and if the longitude

be reckoned from the line of intersection of the sun’s equator with the orbit
3sin*wsin®A — 1

of the planet; R is increased by the quantity ¢ { — }, c being a

constant dependent upon the figure of the sun; but the partial differential co-
efficients of this quantity, which are introduced into the values of d e, d =, &c.
do not change the form of the expressions for those quantities.

If the planet move in a medium which resists according to any power n of

the velocity, if ¢ be a constant and v the velocity, the term 2 ¢ /;; n+1d ¢ must

be added to 2 f d R,

d
-"‘1{(1+s2)dt+rsdj}to %,

d.r's dR
n -1 \2 n=1,\
cw to( , and co r—q; to ds)

in the equations of p. 330.
If the orbit of the planet be supposed to coincide with the plane x v, so that
s = 0, then by the equations of p. 337 after reductions

n+1 n+41
da= -—20@2(%—)7{1 +ecosu}7(1—ecosu)dv

1 —ecosv n
1 +ecosv L;—l' 1—¢°
de=—-2c( ) T 7eons ( )cosvdu
-1
___ (#\2 §1+ecosvy /1 —
edw_—2c<a) {l—ecosv} “sinvdov

n=—1
. wY 5 f1+ecosu “g_”l.” l—escosv
de-—-dza‘—2c(a) {l—ecosv} { }d
The form of these equations differs from that which obtained before, now
the variations of e, = and ¢ are periodical, while that of @ has a term which

. . . d .
varies with the time. E—j contains only odd powers of cos v and for that reason

has no constant term. The periods of the periodic inequalities of all the elliptic
constants due to the action of the resisting medium are fractional parts of the
periodic time of the planet.
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If the origin of ¢ coincides with the instant of the perihelion passage, by
LacGranGe’s theorem . ‘

_ ; i £ e d.sinng e d’.sinng* et d’sinnt’ &
COSv=1C0Snt—€SINRI"— 5. —q %7 — 2.3 (d.né°  2.3.4 (d.af .
. . . e d.sinnt*cosnt e d®.sinnticosnt et di.sinnt*cosnt
sine =smnéesmnicosnt+ g =g T35 (dniyr  T2.8.4  (d.n)

. tz__l—cosznt " ta_SSinnt—sinant
sinn 2 = ——5——, sinn = i

3 —4cos2nt + cosdnt
8 2

10sinnt~5sin3né4sinsnt
n = 16

sin n # =

d.sinng 3cosnt—3cos3nt
d.nt 4

d.si . . o o g "
sin 7 ¢ 2sin2nt —sindnt d(d511r;;1): —92cos2ni—2cosdnt

d.nt 2 2
d.sinn# __10cosnt—15cos8nt 4 5cos5nt
d.nt — 16
d*sin 7 £ = 10sinnt 4+ 46sin37n¢ — 25sin5nt
d.neE = 16
~d.sinnt® __ —10cosn? + 135cos3nt — 125cos5nt
(d.nt) — 16 '
- e e e* (3cosnt—3cos3nt e
cosv_cosnt—?+?cos2nt—-§-{ ” }—m{2cos2nt-—2cos4nt}
et — 10cosnt + 135¢cos 3nt — 125cos 5n ¢
T 2.3.4 16

If the origin of the time does not coincide with the perihelion passage, n ¢
=+ ¢ — = must be substituted for » ¢, but as ¢ always accompanies » ¢, it may
be suppressed at present for convenience, and afterwards replaced.

3 5¢t e e 2¢e
cosv = {1 ~ 5+ 192 cos(nt—-w)-—2—+—2—{l - ?}cos(2nt-—2w)

3 15 & 125 .
+ 5 e2{ 1 - 1—; ez}cos(Snt-—3w)+ 3 cos(4nt—4m)+ g7 et cos(bnt~5a)

d.sinnts_ cosnt —cos3nt d.sinntﬂcosnt__-sinnt-i- 3sin8nt
3d.nt — 4 > d.nt - 4

sinnfcosnt=
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d.sinnt‘_Qsin?nt—sinant d.sinn# cosnt COS2nt — cosdnt
4d.nt — 8 2 d.nt - 2

sinnf cosnt=
d®.sinnfcosnt . .
-%%—=—sm2nt+2sm4nt

. d.sinn# 2cosnt— 3cos3nt 4 cosbnit
smnt‘*cosnt:m =

16

d.sinn#tcosnt _ —9sinnt+ 9sin8nt — 5sins5nt

d.nt - 16
d*.sinnt*cosnt _ — Qcosnt 4+ 27cos3nt —25cos5nt

(d.ne)? - 16
d*.sinnt*cosnt __ 2sinnft—8lsin3nt+ 125sin5nt

(d.nz)? - 16

—sinn¢+38sin8nt e’ . .

smu—smm‘+—-sm2 nt+ 4 }+2——§ {~—sin2n¢42sin 4n¢}

et 2sinnf—81lsin3nt 4+ 125sin 5 nt
+2.3.4< 16

and replacing n¢ by nt — =

2
smu-u{l 5 +19264}sm(nt—-w)+ { 2%}sin(2nt—2w)
2¢® e .
+{ 5 19264}8111 (nt — =) + & sin(2nt—2a)
5 . . 5 .
+ l—~62}51n(3nt—3 w)-}-%sm(4nt-—4w)+é—82{—;e4sm(5nt-—5w)
+ 2. Letsin(Bnt—3w)
e et e e e?
cos (v+) ={1 — % T 5 ccosnt — ;Zcosw-l-?{l ———Z—}cos(Qnt-wr)
Sel1-2e Snt—2@)+% cos (4 nt—3 )+ L2 ehcos (5
+35e — G €ccos(Bm @)+ (4n @)+ 355 €'cos (b nt—4 @)
{1 12}cos nt—2 =) — cos( nt—3w)— 28(’400S(3nt-—4w’)
sin (v4=)= {l 4 + 64« sin nt——‘snrmr+2 {1 }sm(2nt—-—w)

+-8— ez{l -5 ez} sin (3 nt—2 w)+—§sin 4nt—3=)+ @e“sin(") nt—4w)
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e A e 9 .
+5 (1 — 1,2.) sin (nt—2a) + 15 sin (2né—38ws) + 155 ¢ sin (3nt—4=)
2 . g
cos(v—m)= ( 1 ——Z—)cos (nt—2w)— ;j—cosw+—;cos (2nt—3w)+%ezcos (3nt—4w) —% cosnit

sin(v—=)= (1———) sin (nt —2=) += g Sinw 45 sm(2nt— 3w) +—-eﬂsln(3nt i)+ -——smnt

rcosi =rcos (A — @) cosw —rsin (A — ») sinw = a { (cosv—e) cosw— (1 —€?)isinvsina}

rsinA =rsin(A — =) cosw +rcos (A — =) sinz = a { (1 — €?)isinvcosw - (cosv—e) sinz}
. 82 e& e‘Z eQ
rCOSh = a { (l -4 = Té) cos (v+=)—ecosm+ (l + —4—) cos (v—m) }
rsinhA=a { (1 4 16) sin (v+=) —esinw — - (l +5 ) sin (v—=) }

7 COSA __ €os 3ecos 4 3 cos
rsinA { (1 ) sn = Zn® T2 (l Y 62) (2nt—m)
3 cos €® cos 125 _
+ 5 ¢ (1 — e9) Si(:l (Bnt—2m) + 5 G (4nt—3m) + 357 (S:lons (5nt— 4=)
+ € €\ cos + € cos + 8  ,cos
(14 5) i t—2a) F g G (2t —3m) o ¢ S0 (3nt— 4m) &e.
e €08 e’ )cos .
T, gin {A AY=aa, {(1 )(1 =51/ sin RE—N)
cos e _ 8 ¢\ cos
+ 2 (1 sin (nt—=)+ ) (l 4 82)(1 B ?) sin (2nt—nf—m)

3 e\ cos % cos
+ gl — 62)(1 — —2’—) sin (Bnt—nt—2m) + = 3 sin (Ant—nt—3w)

12 2 2 Q
+ i o % nt—nt—dzm) T 5 (145) (1 =F) & (ot+nt—2)

3
2 %S nttng—3m) * g o O (Butng—4a)

e\ cos 9 cos
€ (1 - _é.) sin (M=) + 7 ee g (@— @)
—See (1 -2 ez) o8 (2nt-—w—za’) 2 gre (3nt—2w—mw)
4 i 4 sin ! 16 ¢ € sin 1

é’e; cos cos — é%¢, cos
— g sin (408 —37— @) 4 +1 -—-egel sin (Wt — 2@ +=) + TGJ sin @nt— 37+ =)

MDCCCXXX. 2y
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e 3 €%\ cos -3 8 cos
+5 (l ——Zeﬁ)(l— ?)sin (nt—2nt+=) +?L_eel(1 — 7 )Sm @nt—w—w)

3 3
+%(1—262)(1-—2‘6 )005(2nt 2n,t— w—l—w)—{—me? e, (3nt—2nt—2w-+mw)

sin sin
+ ‘féﬁgfj (4nt—2mt—3a+m) T 5 6/ 8 (nt2mt—2—w)
‘ji—gg’;(wt-}-mt—sw =)+ = gel(1—e?) (1 Z)ans —3nt+2w)
4 % ee? (s:?ns (Bnt—=— 2@',)—]— — ee? glorf (2nt—3nt—=+2w)
+ o 2% (3nt—3nt—2m+2) T o et O (nt+3n,t—2¢~2%,)

8 C — ees
+ 5 n (t—Antt+3m) - o (4nt—w—3w)

+ 66’1 COs (znt 4nt—w+3iﬁ‘)+ ;22 4 CPS (nt—5n‘t+4w‘)

sin ° sin
(4 ) (1= 5) S et —2m) — 5 eep $ (np-Fa—2)
8 3 ¢ 9 J sin ¥ i 16 " sin
eel 3
+ l—é §1Ons @2nt+-nt—w—2w) 4 Ga e’e? glorf (Bnt+nt—2=—2w)
+ €% €os (nt—nt— 2z42w) + o 24 " cos (nt+2nt—3w)

w64 SIN sin

— ee? cos oS
+ —l—éL sin (2ni+a—37) + ;’é‘ o (@nt+-2nt—m—3m)

+ 25 €' oo (nt4-3nt—4m) + &e.

cos € + ¢?\ cos
1, gn MR} = aa, {(l - ‘) % (nt+m,t)
3
— 5 ¢ tt+o)+ 5 G @nttnt—a)

3 &
+ 5 ¢ ‘;?g Bnt4nt—2w) _ + 5 ‘;’; (nt—nt—2a)

{cs

cos cos cos
T2 4 sin (nt+w‘) + € sin (w + ’UD“) - € sin (271t-—-@"+@‘,)
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€ 3 ‘
+ 5 2?; (nt+2nt—w)— ,cs?rsl 2nt+w—wn) + 4’ (:1)1: (2nt+-2nt —~w—m)
77, e A — 2} =ag, { (1= SE) O (g g —20)

3 e
— 5 €% (ntto—2) + © % @uitnt—m—2)

€53

cos + € cos
-+ E e n (Buttnt—2w—2) T = o (nt—nt—2w+2)

e, 5% (nt4w—2) + % I‘;ﬁ (@4, —2v)

! sin

o]

3 cos € cos , )
— 7 €€ g, @Qui—mtm—) + 5 o (nt4-2nt—w—20)

3
-  Qnttm—m—) + 4' % (2nt42nf—w—w,—2) +&e.

€ sin sin

3
r=a {1 + = 3 (1 _—— e2) cos (nt—w) — (1 ) cos (2nl—2w)
9 ¢
— & € cos (3nt—3w) — —63-— cos (4nt—4w) + &ec.
3é e e e
r2 = g? {1 + 5 —2e (1 - —S—)cos-(nt—-w) — 5 (1 - g)cos (2nt —2w)
e et
— 1 ¢os (3nt—3w) — & cos (4nf—4m) 4 &e.
r % =4q"" 1+—3-62(1+£)+3e<1+9—2) ¢
= 2 3 g €*) cos (nt—wm)
e2 ( 1 — cos 2nt—2= + e 2 & cos (3nt—3w)
31
+ 1 ¢ cos (4nt—4w) + &e.

9 2
If the coeflicient of cos » ¢ in the development of { 1 - %ﬁ cos ¢ -+ %}
1 1

according to cosines of arcs mulitples of ¢ is called b,
m,n

=14 (354 (G + () 8+ e
2Y2

+&c.

b /4



346 MR. LUBBOCK’S RESEARCHES

b= Gt Tt st e

he=F o b e m t Eo e &
ho=1+(3) G+ (G S+ (G35) 5 + &
b=+ S G e

3.5 a? 3.3.5.7 o* 3.5.3.5.7 ab

be="F o+t 2406 o T2.4.4.6.8a T &

3.5.74  8.3.5.7.94 | 3.5.3.5.7.9.11a o
16 o3 T 2.4.6.8 op T 2.4.4.6.5.10 o7 T &

b3,3

5\2 a? 5.7\2 at 5.7.9\2 a®
bo=1+ () z T (35 ot (G53) a T &

a | 5.5.7a° | 5.7.5.7.9 a
bn=5 0+ 51 ot T a.4.6 o T &

5.7 a® 5.5.7.9 a* 5.7.5.7.9.11 a°
bis= "7 g3t 2.5.6 ot 2.4.4.6.8 ap T &C

p. =079 4 5.5.7.9.11& | 5.7.5.7.9.11.13d
53 7" 4,6 a,3+ 2.4.6.8 ap 2.4.4.6.8.10 a
a 1 a 1
bg,l = 3 7[ b5’0 - ? b5,2 bl,l = ‘a—‘ b‘g’o — 'E bg’g}
8 a 1 a
2 by = 'é_"a—l{bﬁl 125,3} 2 by = _“Z{bz,l - bs,s}
3 a 1 a
3 =———{b,—b} 3b =“—{b ‘“b}
3,‘3 Q al 5,2 5,4 1,3 Q : 3,2 3,4

rr cos (A —A)) 1 -
R=m,{ 3 -

7| {2 =271 cos(r —A) + 72}t
and since

rrcos(A—A)) =rr, {cos2 2 cos (\—1,) +sin? 3 cos (h+4,~2) }‘ » P 330
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R=m, rr,{coss —'é—cos (A=2) + sin”—;’— cos (A + A,—Qv,)}

3
7y

{P—er, {cose——cos(A )~,)+smQ d cos (A + A, —-Qv,)} +r,} }

Neglecting the cubes and higher powers of e

+

R=m,_ { (l—sm2 2 )cos(nt nt)——-—ecos(nt —w) — 2 ‘c()q(nt__w)
+ 5 cos 2nt—nt—mw) + - cos (nt —2nt+=) + ezcos (Bnt—nt—2w)

3 o
+ —é-ei’cos (nt—3nt+2 =) + cos (nt+nt—2w) -+ %—cos(nt+n,t- 2w)

9 3 3
+ Zeecos(w—w) —-ce,cos(2nt—m—w) — - ee,cos (2nt—w—w)
+ Efcos(2nt-—-2n,t‘—w+w,) +sin2—'2~cos(nt+n,t—2v) } { 14 % e
+3ecos(nt—w=) -+ —g— e2cos(2nt—2w)) + &c. }

. 2
- m,{a2 {1 + —Z €2 — 2ecos (nt—w) — —% cos(2nt—-2w)}
e ol e 3

- 2aa,{ 1 —sin?5-— —5— ] cos (nt—nt) — 5 ecos(nt—w)

- % ecos(nt—w=) + 4 ~ cos @nt—nt—w)+ 3 < cos (nt—2nlt+w‘)

+ —g— e%os(Snt—-n t—2w) + —e2cos(nt 3nt+2w) + cos (nt +nt—2w)
3
-+ ——-—cos(nt+nt—-2w,)+ ee,cos(w—w)) — 4 ee,cos(2nt—v—w)

- % eecos(2nt—w—w )+ %e‘ cos(2nt—2nt—w+w)

: 3
+ sin? - cos (nt+n,t—2y)} +a? { 145 e?

2 I
— 2ecos(nt—w) — 52’— cos(2nt—2w )+ &c.} }2
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= terms independent of b

_ % { b0+ by,1 cos (nt—mnt) + bygcos (2nt — 2nt) 4+ &e. }

+ 5 Qa {bs,o + by, cos (nt—mnit)+by, cos (2nt—2nt) &c. } {az {—-— e?
— 2ecos(nt—w)— 3 cos (2nt—2w)} —2aa, (—-sinz—%— T)cos (nt—nt)
3 3
- —;— ecos(nt—w) — 5 ¢cos(ni—w) + & cos(2nt—-nt—w)
3 3
-+ -gi cos(nt—2nt+w,) + 5 e?cos(Bnt—nt—2w) + g ercos (i —3ni+2w)
& e} 9
+ 5 cos(nt+nt—2w)+ ¢ cos(nt+nt—2w ) + 7 e¢,cos(m—m)

3
488005(2nt—w—w1)— eecos(2nt-—w—w,)—|— cos(2nt—2nt—w—|-m)‘

2
+sinzy g cos(nt-+n, t—2/,)} +a? { ——e2—2e,cos(n,t—w,) —%cos(Qn,t—-Qw,)&c.} }

—1.3m

7. 445 { b+ bs,1co8 (nt—nt) + bscos (2ne —2n ) + &e. } { 2a%ecos (nt—w)
— 3 aa,ecos (nt—w) —3aa,e,cos (nt—w,) + aa,ecos(2nt—nt—w)

2
+ aa e cos (nt—2nt+w) + 2 a?e cos (nlt—w,)} + &ec.

{2 a?ecos (nt—w) — 3 aa ecos (nt—w) — 3 aa e cos (nt—w)

+aa,ecos 2nt—nt—w) + aa,e,cos(nt—2nt+=) + 2a2 ¢ cos (nt—w) } ’
=2a'e+5a2a2(2+e?) +2ae?+ a*(2a% — 3 a?)e? cos (2nt—2w)

+ % a?ale’cos(2nt—2w) + 5 2 ia a2e?cos(2nt—2w )+ ‘fgezcos (4nt— 2n,t-—- 2w)
+ a—;—‘ ¢?cos (2nt—4nt+2e) + a? (2 a2 — 3 a2)e? cos (2nt—2w,)

— 4 (a? & + a?e?)aa, cos (nt—nf) — 6 a3 a, ¢* cos (nt-+4nt—2w)
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— 6aa’e?cos mt+nt—2w,) — 6 (a4 a?) aa, ee,cos (w—w,) .
—2(8a2—a) aa,ce,cos 2nt—w—w,)—2(3a’—a?)aa,ee,cos (2nt—w—w)
+2a® a,e’cos Bnt—nt—2w) + 2aal¢? cos (nt—3nt+42w,)
+ 2(a’+4a?2)aa,cecos(2nt —2nt—w+w,)+9a’a2ee,cos (nt—nt +o—w)
+ 14a2a2ee cos (nt+ni—w—w,)—3a?a?(e2+e¢?) cos (2nt—2n 1)
—3a?al?ee,cos(nt—3nt+w-+tw) — 3 a’alee cos (Bnt—nt—o—w)

—2a*alee cos(ni—nt—w+w) + a’a?ee cos (3nt—3nt—w-+tw,)

Replacing ¢ which accompanies =7,

\ b1 (@ e + ale e’ + ef
R:ml{'——a:.-l—S Q-Qals 3’0+2 (Sln22+ 2 I)bg,l

1.3
2.4.ap (2&4(32+ 5a2a12(62+ 612) +2a’14612) b5,0+ Q. 4, (a282+ aQ 26 2) aa bg’l

[53

.5, aa,

+ RIS ko, 0
-+ b . 2 4 g2
oot =T S 4 €35 (10)

3(a?e® + ale?) 1.3.4
.b,ag’ . b31+~2~—z—3~(a e4a2e?) aa,bs,

1.3 7 ' 1.8.2
— 2 Lo L -
W {Qa T aza‘2(62+e,)+2a,4e,2} bsi + 53 Py (a%e+-a2e?)aubs,

33aa

b /(ez+e2)b53}cos(nt —nt4e—¢) [1]
+m = ”’2+““'{' T T (bt b} + Dy

1.3.3a%a} (&

+ 2, 4 a/5+el)b5,0+

1.3. 2(a9e9+a, e?)
ab

aabs,

# The numbers at the side serve to distinguish the arguments.
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e2+5a2a2(+e)+2at e,2} bse

+ 2 5 (a282+a2e ?) bs 3} cos (2nt —2nt +2¢— 2¢) BEY

252 2
3(a’®+ae

3.0 [ . o4  E+¢ %)
+m { 13+ = {sln -é‘-—l—-————g——l-} b3’2+Wb3’3

1.3.3 d’aj(& +e,2) 1.8. Q (a%2+a9eﬁ)
+ 2.4,2 ap b5’1+ 4ap ;bs,e

1.3
—a 4 2ate? +502a2(®+¢2) 420/ e?) } bss } cos(3nt—3nt-+3:—3¢) [3]

by, aa, (. o4 E+6° 1.3.3 a%, (eg-i—e“)
[ £ 3 Biaiad 2.4 ! {
+m,{ a,+2a,3{sm g t+3 }53’3'{‘2.4.2 aF

1.8.2 (a%+ale?

+ o (a’¢ al&: :)aa,b5,3} cos (4nt—4n,t+4e~4e/) [4]
1.3.3 a%a’(*+e

+m, {__1.’5»_'_2 223 (a’5 :)b53}cos(5nt-—5n,t+5.e-—-53,) [5]
3ad a®

+m aa"l’ 2(13 bs,o oalsbs, 2. Qagbsg GCOS(nlt—'-el—-w) [6]

a® aa
=+ m,{ - bso + é-;z-l'.:, bg,l}ecos(nt-i-e—-w) 7]

1 aa

-+ m, { a@ é‘z;%bs,o Qas bs, + = af‘ Dby }ecos(2nt—n,t+25—e,-—w) [8]

3 agq
+m { ,z as bsy — 3 “/3 bse + 2.9 a7 bg,a} e cos(3nt—2nt -+ 3¢—2¢,—w) [9]
9 .
+m { Qas bs,g Qals bg,s}ECOS(4nt—3nlt+4E—3EI—W) []O]
5 zasbssecos (5nt— 4nt +5s— 4e, —w) 1]

3 ag a®

+m,{2 203 b&l_é—_asbs,ﬁ Q. Qa 63,3}6005(721 2nt+€—25 +GJ') [12]
3 aq

+ m,{g 2a? 'bss — 2a363,3}0005(2n1—3n‘t+ 2¢—3¢,+ @) - [18]

. |
- m, 5 g bus € CO8 (It dnt 4 Bo—dstm) [14]
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a? '
+my =g by — 2 23 2 by ¢ €,co8(nt+ 5 —m) [15]

' a?
+m,{£gzls b, — 2a3 bse — 5~ 2 363'3}0005(2nt-nt+2e—e-w) [17]

3aq b a? b
+m, 3 5oagF bse — 743 bsa | €008 (Bnt—2n¢+ 36— 2¢—a) 18]
3aaq, b 4
+m, 2.2qa3 733 e, Cos (4nt —3nt+ 4s—3¢,—w)) [19]

8 aa,

2a aa )

+m,{a—',——- 27‘.1;,1)3,0 2a3 63,+2 247 632}ecos(nt——2nt+e ~2¢+w) [20]
_ea 3 a? b

+m g =3 T.ag b — 2a3 3,2+2 Qa3 5,3 ¢ €,COS (2nt—3nt -+ 2e— 3¢+ » ) [21 ]

+ m, { o 2a3 bsg — Qasbss} e, cos (3nt—4nt-3¢— 4¢,+w) [22]

—-m bss e, cos (4nt —5nt-+-4e— be,+w) [23]

12, Qas

a® 3 aq 1.8.94%} 1.3.5d%
+m{ 2. Sa -1"2.4:1,369 2.8a} 5 053 — 2.4.2 a} bt 52 2.4 a° by

1.3 (24®—3af 1.3
—2.4.2( T2l @by — 3 42?65,3}32005 (2nt+2e,—2w)  [24]

a}

a aa, Baq
+m,{8a,2"‘2.4a,363»° 2.4a? 4a 3 bor — 5T s boa o+ g z.

1.3a® (4a9+3a,2)6 1.34° @a,
51— 5,2

3 6 a* a,b
50

T 2.4.4 a’ 2.4 af
1.3 d*a} 2
s o bss ¢ €2 cos (nt4nt+ete ~2w) [25]
a® aa, .30°(2a*> — 3a?)
+m:{"2 2a} 5 050 — zasbs» 2 4'"“—2,_”_'"1’5’0
1.3.24d% 1.3.5a%a .
+ i 7175—‘65, o af'l b5,2}e~ cos (2nt+2: — 2w) [26]
3 a 3 aa aa a? 1.8.2a%a
+m4{~8——£_2_? aﬁl 63,0 9 4a363,1 2.8“363’2 2.4 a51b5,0

1.834° (40° — 5a?) .
T 2.4.4 a’ e a? bss

MDCCCXXX. 22z
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.

1.3. 2
- 57 Zaa“:‘ 65,3} e?cos (3nt —nt-+3c—¢,—2w)

Saa aaq 1.3a%a}
+m,{ 2.84} 3051 — 5748 4a 3bss — 3 Saﬁbﬁ‘-s 2.4.2a5 050

1.34° a,b 1.3a9(2a2—3af‘)b.
T 2.4 g T 2.4.2 ap 52

+ 2543 aaa’b“}e-cos(mt 2n ¢+ 46— 2¢,— 2w)

: Saa, I 1.3 a&*af 1.3 d®q,
+m,{ 2.8a} 5 bas — 2.4a,365»3" 2.4.4 af bar ~ 573 ab 752

1.8a* (24° — 8ap)
T 2.4.2 a?

3aa, 1.3 a%ap
+m,{—2 Sa sbss — 543 af bss

b5,3} €% cos (Bht —3nt-5¢— 3¢, — 2w)

1.3a%
~ 3.4 afl bss }ezcos(6m‘—4n,t+65_45l._2.w)
1.3 day, ¢ cos (7nt—5nt+ 76— 5e,— 2w)
MgaTa of U8 2 2

an, a® 1.3.9d%a? 1.3.34° a,
+ml{ 2.8a} 052 — 2.4a,363'3_ 2.4 af bsx + 5 4 af a7 Uss

1.80° (22— 34/
T 2.42  af

aa, 1.3.9 a*a?
"‘mn{" Q.Saﬁb"’s T e 4.4 o bss

) bss } é?cos (nt—3nt-+c—3¢,42w)

+

139aa,
M, 544 af

r 3 3 : ,a' 65,3} ¢ cos (2nt—4nt -+ 2 — 4t +-2w)

bs,s €® cos (3nt—5n t 4 3¢— 5z, 2w)

aa 13'2aa 132(a+a)

1.3.5
-1 aaa 65,2}eecos(nt-—nt+e——-z—-w+m)

' a aa, aq 1.3.2(a +a,9)
+m/{a,9_2 ezasbf’& 2 4 af bia— 55 af aa, bsy

(27]

[28]

[29]

[30]
[31]

[32]

[33]
[34]

[85]
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1.3 &0} 1.8.3 &% + a? .
‘toze e batoa T Wb

; Z gaa‘fj 65,3} ee,cos (2nt—2n t 42— 2, -—w+'w) [36]
9 ag I.Sagaﬁ l S(a +a,) 3a® a,
+m,{ 2. 4a3 b—5.1 a? s bos—g a7 bo—ga 65"+2 4 af b
. ;
12343 - Za' aa 653}66 cos(3nt—3nt+3e—3¢,—w+w) [37]
_ 1.3 a*aqf l 3(a*+a )

+m, { 2. 4a3 bz — 2.4.2 af bs, — 4 af ad, bss
1.3 agaf'b de— 4 4 38|
+ 2.4 af U8 ee,cos(4nt—4nt +4s—4¢,—w+ ) [38]

aa 1.3 a"’aﬁ

/
+m:{‘2.4a,3b&3“2.4.2 al bss

2
é Z (@ ;'l'sa‘ ) aa, 65,3}ee,cos(5 nt—>5nt-t5e—be,—w+w) [39]
1 Sa*
ety b5scos(6nt 6nt—w-+w) [40]
9 aa 136(a +a9) ‘37(19(12
+m,{—§j§ ;Isrlbs,o 3. 4a’ 4a bsz‘l‘ a? ' b5’° A 2717"'_’—65”
1. 3(a2+a9) 1.3 a%a?
— D iy — 12 2 L o cos () [41]
9 aq _aa 1.3.94°¢? 1. J‘SM
+m/{ 2.4 a? s b — 3 d4a} 303 — 57 “ap boo +—5 a’ @, bs,

.3a%a? 1.3 (a®+af)
+ 2.4 a; 5I b5.2_ _2_.71 7_13.1— aa/ 65,3 ee{cos(nt—’lllt"'-ﬁ—e,"‘w—w,) [42]

9 aq 3 9a a*al 1.3.3(2° + @)
-l—m,{ 2. 4“36’2 2.4.2 a bt 51 ad, bss
1.3
+2 4aa? b53}ee cos (2nt—2nt +2e—2¢,+ v —w,) [43]

9 aq, 1.3. Qa al
+m,{“z.45,§53»3 2.4.2 af bas

2
4! 2?.)43 (_‘3__:-1_“_:_) aa bs,s} ee,cos (3nt —3nt+3e—3¢,+w~w,) [44]

2z2
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‘; 2 g aaa’ bs,; ee,cos (4nt—4nt + de—4e o —w ) [45]
+m,{ 2+2 gzlsbs,o'l' 23212 63,2+ o Q(S alaf’ = aa, bsp — }2_%;—%“:‘ bs
+ 573 - (————o o =) @, bsg + 5- Z zaa? bss } ee,cos (2nf+2,—v—w,) [46]

+ L 3 3 i a‘ b5,2} ee,cos (nt+nt+i+e—w—w,) [47]
i Szwmi‘zi bt 1505 O Db i b

418 1.3 (3_“1_"_?_) aa, bss + ; 2 Z “aas bss }ee,cos(2nt+2s—w—-w,) [48]
+m, {234";‘?1;3, + bt T S b

_|_ = -3 (3“:‘— af) aa, bs; — _l'é‘s—4'7' "Z‘Z-?f bse

+53 L (3%‘1—) aa b5,3} ee,cos(3nt—nt+43c —¢,—w—w) [49]
gy b e b g g aa b

- _‘E?ZU““' 553} ee,cos(4nt —2nt + 4¢ — 2, —w—w) [50]
+m, {204‘? bss + ;:Z:Z‘%Eaa, bas

+ 2' S%ﬂ)aa 653} ee,cos (5nt —3nt +5¢ — 3¢, —w —w,) [51]
+ «;"i‘gaa,al bss ee, cos (6nt — 4nt -+ 66 — 4c,—w — ) [52]
b b 0 2,

RECEL B REr
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+1 s(s‘zﬁ,_‘__.)aabm}eecos(m 3nt-te—3¢-wt =)

+m, {234(::: bait35 4aa’,’32+] i a, 65"’
+1 3(Sa,a-;-a) bs,x‘l'l 3(3a a/) aa, by
- 12?47‘2‘1‘: bs,s}eecos@nt dnt 4 2%—4s+ o +w)
NN EROREX L2
_g..1 3(34’% Be’ =) g bis}eecos(?mt 5nt-+3e—5¢+w+tw)
1.3.3a%

+mz7s as bssee,cos (4nt— 6nt+4e—6s+w+4w) -

a? k . 3 (2a2~30%) '
+ m,{ = g.gaptnTg, aasb&l ”2“71 a bsp

[54]

[55]
[56]

3 2aaf .3.5a%q,
+ g lb5,l I a;" bsg}e cos (2nt+42¢,~2w) [57]
a  ag a Saa, 1.3.64’a
+m’{Saﬁ—2.4a,3b3'°-2.4a,3b3" 2. Sasbsﬂ‘l" 2.4 af 1’5’0
1.8 (46°+3af) 02 1.5a4}
T2.4.4 o Pbs1— 54 aﬁbf;2 -
1.3 & @a? bs b e?
—gad efcos(nt+nt+st¢,—2w) [58]
. ag 3 ag, 1.8.9a a, 3 3 aa,
+m/{""'2.8aﬁl’3= 2. 4a3b32 2.8 a:,3b%3 2.4.2 o b5’°+ 2. bsa

1.3 (2a2—3a%)
T2.4.2 af

1.3aaf
2.4 af

a12b5,2 -

. aa a? 1.3.9a4%°a?
+ma{“z.sésbs’2 2, 4asb&3"'2.4.4 a,ﬁl bt 53

1.3 (2a2—3a° :
-3 2( L a3 )aﬁb&s} e?cos(3nt—nt-t3:—¢,—2w)

133a,

5 bsa

aaq 1.8.9a%}
+’”w{"‘ %.5a7 T g.2.4 ap O

by } e2cos (2nt 42— 2w))

[59]

[60]
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1...3a a

+ 2.4 ab bs,s} 812008(47lt—2n‘t+45—'281—2'&71)

1 3. a
m, 54 iaasl b5,3b’ cos(5m‘—3nt+52—3e —21,71)
27 a Saaq, _ag 1.3.24%a
{8 2.4al3b3’° 2. 4a3b3, 2.8a? 8a} 5 bye — 9.4 ap bs,o
1.3 (4a}— 50 1.8.3aq?

9. af a, b5’1 + 2 .4 a‘a 65,2

4.4
3.9d%a’?
i Z —_— 65,3}e,zcos(nt—3n,t+e—-35,+ 2w))

1.
- 9. q

3aq aa, 1.3 oa}
+ml{ 2.8a? 5 b — 2. 4a3b3' 2. Sa?’bs 2.4.2 a bso

13aa,
Q. 4a5

1.8 (2a? —34a%
2
—2.2.2 a7 a? b,

by

.3.8
+ W ‘ZZI 65, }eecos(2nt—4nt+25—4e +2m')

3aa, 1.3 aa9 1.3 aa}
+m‘{—2.8a bos — 2. 4af‘b3’3—2.4.4 al bsa — 2.4"&75—b5,2

1.3 (2a%—3a%)
—'2,4.2( 'alb v a}bss}e?cos(sm—5nt+3e —3¢+2w)
3 aaq 1.3 a®a?
+ml{—'~z.s a3b3’ 2.4.4 af bss

1. oaa,

~%dar b5,3}e2cos(4m 67 ¢+ 4¢— 6642w

l}aa,
244a

bs;s ef cos (bnt—7nt+5be—7¢+2w)
3 .
+m, {a% (1 + 3 e?) - g%‘ bg,o} sin? -;‘— cos(nt+nt+e-te—2)

63151n2—-cos(2nt+2e —2)

Qa“

aa, o b
m g;,‘lzabs,l sin? - cos (2nf +2¢—2v))

—m, gk by sin? 7'4‘— cos (nt43nt-+e—3¢,42v)

“2af

[61]
[62]

[63]

[64]

[65]

[66]
[67]
[68]
[69]
[70]
[71]
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m,g——g,bg,g sinz’—g’ cos(3nt—nt-+3e—e—2v) [72]
,2 363,3 s1n2—— cos (2nt—4nt -+ 2e—4¢,42v) [73]
- m,@ a3 L by 5 sin? - < Cos (4nt—2mt+4¢—2¢,—2v) [74]

In the development of R, I have supposed + = 0, so that 4 is the angle con-
tained between the orbits of the planets P and P, or P, and P,; in the ge-
neral case, when s, and 4, are retained, cos s, = cos cos 4, - sin ¢, sin s, cos
(4, — 1), # and &, being the inclinations of the orbits of the planets Py, P, to

any plane x y, of which the direction is arbitrary,

rrsin(N—A) =rr, {cos2 —'2‘— cos? ig— sin (A, — A,)
— sin? -2- cos? —'23 sin (A, + A, — 21) 4 sin? —'Qe—cos2 —'-2‘- sin(A) 4+ A, — 2,)
— sin2—'é—cos2 —Z—sin M—2—=2n+2 v2)}

rr) {cos A =2n)+s s,} = { cos? ié—cosz‘% cos (A — Ay)
<+ sin? —;‘7 cos? —Z— cos (A, + A, -2 »;) -+ sin? 122- cos? —;— cos (A; + 2, — 2,)

+ sin2 —é— sm2 cos (A, — Ay — 24+ 2,)

+ sin g sing cos (A; — Ay — v, + »,) — siny singycos (A + Ay — v — ) }

Errara.
In page 330, for  and v, read s, and »,.



